
VIII.2 Further Application to Sphere

������� 1 f : Sn → Sn ⇒ f∗ : H̃∗(S
n)→ H̃∗(S

n).

Now let α be a generator of H̃∗(S
n) ∼= Z and let f∗(α) = dα.

Then the integer d is independent of choice of a generator α, and is called the
degree of f .

Remark. Mn : connected orientable closed n-manifold ⇒ degree is defined.

������
	 1 (Basic properties of degree)
(i) f ' g ⇒ deg f = deg g
(ii) deg (f ◦ g)⇒(deg f)(deg g)
(iii) deg (id) = 1
(iv) deg (c) = 0 , where c is a constant map.
�������� (i) ∼ (iii) : clear

(iv) c : constant map ⇒ c∗ = 0 : H̃(X)→ H̃(X)

(c : X
c̄
→ x0

i
↪→ X ⇒ c∗ : H̃(X)

c̄∗→ H̃(x0) = 0
i∗→ H̃(X))

Note. (1) αn : S1 → S1 ⇒ deg (αn) = n
z → zn��������

π1(S
1)

(αn)]
//

χ:∼=

²²

π1(S
1)

χ:∼=

²²

y

H1(S
1)

(αn)∗
// H1(S

1)

⇒ (αn)∗{α1} = χ((αn)][α1]) = χ([αn ◦ α1]) = χ([αn])
= χ(n[α1]) = nχ[α1] = n{α1}

(2) Brower fixed point theorem on Bn: Prove as follows.

(i) Sn
f
→ Sn ⇒ degf = 0 : Applying homology functor to the diagram

∪ y↗ f̄ and note that H̃(Bn) = 0
Bn+1

(ii) @ retraction r : Bn+1 → Sn :

id : Sn
i
→ Bn+1 r

→ Sn
(i)
⇒deg(id) = 0, a contradiction.
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(iii) ∀φ : Bn → Bn has a fixed point : The proof is the same as before for the
case of B2. (If φ has no fixed point, we can construct a retraction:Bn → Sn−1.)

������
	 2 Let Sn ↪→ Rn+1 be the standard sphere and f ∈ O(n + 1,R) so that
f : Sn → Sn. Then deg f = det f(= ± 1)
��������
����� ������
	 3 Let r : Sn → Sn be the reflection given by
r(x1, x2, · · · , xn+1) = (−x1, x2, · · · , xn+1). Then deg r = -1 = det r.
�������� induction on n.
Let S0 = {−1, 1}, and x and y be a 0-singular simplex which has image -1 and

1 respectively. H̃0(S
0) = {x− y} and r∗ : x− y 7→ y − x

∴ deg r = −1.

n > 0 : MV sequence⇒

H̃n(S
n)

∂∗:∼=
//

r∗

²²

H̃n−1(S
n−1)

r|∗

²²

©

H̃n(S
n)

∂∗:∼=
// H̃n−1(S

n−1)

⇒ deg r∗ = deg r|∗
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����� ������
	 4 f ∈ SO(n+ 1)⇒ f ' id.
�������� Essentially this is to show SO(n+ 1) is path-connected.

Fact. A ∈ SO(n)⇒ ∃B s.t.

BAB−1 =




(
cosθ −sinθ
sinθ cosθ

)
· · ·

...
. . .
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let
= Dθ

where θ = (θ1, · · · , θi)
1

Using fact, Ht = B−1DtθB : I ' A (t = 0 �������� I, t = 1 �������� A)
��� "!$# 2 %&('*)�+ -,/.102 3
Now note that O(n+1) = SO(n+1)∪ rSO(n+1)

det
→ {−1, 1} = Z/2.( 45768 ��� 

!$# 3, 4 95;:<�=?> )
∴ deg = det

@BADC� E ������
	 5 a : Sn → Sn the antipodal map ⇒ deg a = (−1)n+1.

������
	 6 f, g : Sn → Sn with f(x) 6= g(x) ∀x ∈ Sn ⇒ f ' ag.
(or equivalently, f and g are never antipodal ⇒ f ' g)
�������� f(x) 6= g(x) ∀x⇒ f(x) and ag(x) are not antipodal.
⇒ (1− t)f(x) + tag(x) 6= 0

F : Sn × I ⇒ Sn given by F (x, t) = (1−t)f(x)+tag(x)
|(1−t)f(x)+tag(x)|

is the desired homotopy.

@BADC� E ������
	 7 (1) f has no fixed point. ⇒ f ' a
(2) deg f 6= (−1)n+1 ⇒ f has a fixed point.

�������� (1) f(x) 6= id(x)
6
⇒ f ' a

1<,> : standard inner product on Rn Ã ( , ) : standard Hermitian inner product on Cn

A ∈ O(n)⇒ A is an isometry for ( , )
Let Ax = λx⇒ λλ̄(x, x) = (Ax,Ax) = (x, x)⇒ |λ| = 1
A : real ⇒ eiθ, e−iθ : conjugate eigenvlaues in general ⇒ Az = (cosθ + isinθ)z ⇒ x = z+z̄

2

Az̄ = (cosθ − isinθ)z̄ y = z−z̄
2
i

Then A can be written as

(
cosθ −sinθ
sinθ cosθ

)

with repect to a basis {x, y} where x = z+z̄
2

and y = z−z̄
2
i.
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exc. Is the converse of (1) true?

FG HJILK 1. MN OQPSR 16.11.

������
	 8 Sn has a non-vanishing vector field iff n = odd.
�������� (⇐)n = 2m+1⇒ let v(x0, · · · , x2m+1) = (−x1, x0,−x3, x2, · · · ,−x2m+1, x2m)

(⇒) Suppose ∃ a non-vanishing vector field v, we may assume |v(x)| = 1
⇒ F (x, t) = (cos tπ)x+ (sin tπ)v(x) gives a homotopy : id ' a
⇒ deg (id) = deg (a) = (−1)n+1

⇒ n = odd.

Remark. vector field problem for Sodd:
Adams solution : Let n + 1 = (odd)24a+b, 0 6 b 6 3. Then the number of
independent vector fields on Sn = 2b + 8a− 1.

FG HJILK 2. MN OTPSR 16.10.
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